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The problem

Integral equation

where:
1

o K(x)(s) :/ K(s, )x(t)dt, s € I = [0,1], x € C[0, 1]
0
(Linear integral operator)

1
o K(x)(s) :/ K(s, 1, x(t))dt, s € 1 = [0,1], x € C[0, 1]
0
(Urysohn integral operator)

The kernel k is a real valued continuous function and we
assume that, for f € C[0, 1], the integral equation has a unique
solution ¢.



Classical methods for integral equations

Standard technique
@ Galerkin and collocation methods
@ Kulkarni method (a modified projection method)
@ Nystrém method



Classical methods for integral equations

Standard technique

@ Galerkin and collocation methods
@ Kulkarni method (a modified projection method)
@ Nystrém method

based on orthogonal projectors or interpolatory projectors onto
finite dimensional subspaces X, of C[0, 1].

Classical choice of X,, — space of piecewise polynomials of
degree d at most continuous

[Atkinson 1973, 1992, 1997; Atkinson-Potra 1987; Kulkarni 2003, 2005;
Grammont 2011; Grammont-Kulkarni 2009; Grammont-Kulkarni-Vasconcelos 2013;
Allouch-Sbibih-Tahrichi 2014, 2017]



Spline quasi-interpolation for integral equations

@ Quasi-interpolating splines of different degree for linear
Fredholm integral equations

[Allouch-Sablonniere-Sbibih 2011; Barrera-El Mokhtari-Sbibih 2018]

@ Quasi-interpolating operators for 2D and surface integral
equations

[Allouch-Sablonniere-Sbibih 2013; Dagnino-Remogna 2017]

@ Nystrom method associated with non-uniform spline
quasi-interpolation for Hammerstein integral equations

[Barrera-EI Mokhtari-Ibafiez-Sbibih 2018]



Our methods

Two methods based on spline quasi-interpolating projectors on
the space of splines of degree d and smoothness C?~'

Linear case [Dagnino-Remogna-Sablonniére 2014]

Nonlinear case [Dagnino-Dallefrate-Remogna 2018]



Outline

@ Spline quasi-interpolating projectors (QIPs)
@ Projection spline methods for linear and nonlinear integral
equations
@ QIP spline Kulkarni’s type method
@ QIP spline collocation method

© Numerical tests



The spline space

Space of splines of degree d and class C?~" on 7,

S, Tn)

@ Th={ti=ih, 0<i<n}
uniform knot sequence with h=1/n;

@ Tf=Thu{tg=...=l=01=t,=...=thq4}
extended knot sequence

o N=dim(SS (I, 7)) =n+d

@ B={B;, 1<i<N}
B-splines with support [ti_q_1, ti], basis for S§~(/, 7n)



Spline quasi-interpolating projectors

T : C[0,1] = ST (1, T)

N
TnX = Z )\,‘(X)B,',
i=1



Spline quasi-interpolating projectors

T : C[0,1] = ST (1, T)
N
X =Y _X\(X)B;,
i=1

where {);, 1 <i < N} are local continuous linear functionals

2i
A= > e (§),
j=2(i—d—1)
with
- &=t for0<i<n
- i1 =58 = (i1 +t),for1 <i<n
- 07 chosen such that m,x = x, for all x € S$7'(1, 75)



Spline quasi-interpolating projectors

4

@ the quasi-interpolation nodes §; are inside the support of B;
@ 7, is a bounded projector, i.e. exact on Sg‘1 (1,7n)



Spline quasi-interpolating projectors

4

@ the quasi-interpolation nodes §; are inside the support of B;
@ 7, is a bounded projector, i.e. exact on Sg‘1(l, Tn)

I
IX — mnXlloo < (1+ [Imall ) dist(x, S5 (1, Tn))
Jforx e C/[0,1],0<j<d
1x — mnx|| o, < CiPw(xV), h)
I for x € C9+1[0,1]

IX = 7nx|loc = O(A*T)



Properties of

wnx_ZA B,—Z Z oijx (§) B

i=1 j=2(i—d—1)

Theorem 1

Let the degree d be even. If the functionals \;, i=d+1,...,n,
are such that the values o, ; associated with quasi-interpolation
nodes symmetric with respect to the center of the support of B;,
are equal, then

tj
/ (taMgsr (1) — mgsq(D)dt =0,  i=d+1,....,n—d,
i—1

where my, ¢ (t) = t9+1.



Properties of

ﬂnX—Z)\ B/—Z Z aix (&) B

i=1 j=2(i—d—1)

Theorem 2

Let the degree d be even. If the functionals \;, i=d+1,...,n,
are such that the values o, ; associated with quasi-interpolation
nodes symmetric with respect to the center of the support of B,
are equal, for any differentiable function g with ||g’||1 bounded
and any function x such that || x(?+2)|| is bounded, there
results

'/1 9(8)(max(t) — x(t))dt| = O(h?*?).
0



QIP spline Kulkarni’s type method

Integral equation
2 K(()O) =f,
K is approximated by KX = 7,K + Krp — mpKmy

4

Approximate equation

on = Kn(en) = f



QIP spline Kulkarni’s type method:

convergence — Linear case

Q=10,1] x [0,1]

Fora > 1, let k € C?%(Q), f € C?*[0,1]. Then

ok — ¢lloo = O(H??), B =min{a,d +1}.



QIP spline Kulkarni’s type method:

convergence — Linear case

Q=10,1] x [0,1]

Fora > 1, let k € C?%(Q), f € C?*[0,1]. Then

ok — ¢lloo = O(H??), B =min{a,d +1}.

If the kernel of K is sufficiently smooth, thatis o > d + 1

Fora >d+1, let k € C?%(Q), f € C?*[0,1]. Then

O(h%9+2), if d is odd
ok — @llo = & O(HP9T3), if d is even and m, satisfies

the symmetry properties



QIP spline Kulkarni’s type method:

convergence — Nonlinear case

Given a>1
=1[0,1] x [0,1] x [a, b], [rTE(I)q]sO( ): » max ¢(s)] C (a b)
@ ke C*Q)
® 8k e CZa(Q)
° fe C*[0,1]

K is a compact operator from C[0, 1] to C*[0, 1] and
¢ € C*[0,1].

K is Fréchet differentiable and the Fréchet derivative is given by

1
5) = /0 (s txtyatnar



QIP spline Kulkarni’s type method:
convergence — Nonlinear case

Fora >1,letk € C*(Q), 9% € C2(Q) and f € C[0,1].
Assume that 1 is not an eigenvalue of K’(¢). Then

loh = ¢lloo = O(FP?), B =min{a,d +1}.



QIP spline Kulkarni’s type method:
convergence — Nonlinear case

Theorem

Fora >1,letk € C*(Q), 9% € C2(Q) and f € C[0,1].
Assume that 1 is not an eigenvalue of K’(¢). Then

leh = pllo = O(H??), B =min{a,d +1}.
If the kernel of K is sufficiently smooth, thatis o > d + 1

Theorem

Fora>d+1,letk € C¥(Q), 2k € C?*(Q) and f € C[0, 1].
Assume that 1 is not an eigenvalue of K’(¢). Then

O(h?9+2), if d is odd
llon — @lloo

O(h?9+3), if d is even and 7, satisfies
the symmetry properties



QIP spline Kulkarni’s type method:

solution construction — Linear case

Approximate solution

N N
@ﬁ =f+ an(j)Bj aF ZYn(j)KB', Xn, ¥Yn € RV
j=1 j=

we have to solve the following linear system of 2N equations

(l - Dn)Zn = dn

. Cn B,—Cp | Xn | Vn
o= | T e ] ] ]



QIP spline Kulkarni’s type method:
solution construction — Linear case

Py CnGRNXN
@ v, e RN

@ w, eRN



QIP spline Kulkarni’s type method:

solution construction — Linear case

The system can be reduced to the solution of one system of N
algebraic equations.

First we determine y, by solving the linear system

((I_ Cn)2 + Cn - Bn)yn - Vn + (I - Cn)Wn

then we get x, by computing

Xp = (/— Cn),Vn — Wp



QIP spline Kulkarni’s type method:

solution construction — Nonlinear case

Define
Fa(y) =y —mnK(y +(I=mn)(K(Y)+ ) —maf,  y € 8§ (1, Tn)

A8
we solve Fnp(vn) =0, ¥p = wngpﬁ iteratively by
Newton-Kantorovich method



QIP spline Kulkarni’s type method:

solution construction — Nonlinear case

Define
Fa(y) =y —mnK(y +(I=mn)(K(Y)+ ) —maf,  y € 8§ (1, Tn)

4

we solve Fnp(vn) =0, ¥p = wngpﬁ iteratively by
Newton-Kantorovich method

Given an initial approximation ¢'?), the iterates 1",
r=0,1,2,...,are

D _ K (@D — K () (= ) K (@)Y
= mn(K(}) + f) — mK' (05)0 )
—maK (D) (1 = m) K ().

with K’ the Fréchet derivative of K and
o = 4 (1= ma) (K@) + )



QIP spline Kulkarni’s type method:

solution construction — Nonlinear case

Setting
A=A A < B
j=1
we have to solve the following linear system of N equations
(, O B(f)) X+ — )
o A) e RNxN
ADG) = N (K'(25)B))
o BY) ¢ RNxN

B, ) = A (K () - mn)K' () B))



QIP spline Kulkarni’s type method:

solution construction — Nonlinear case

Setting
anr) ), ) e RN
we have to solve the foIIowmg linear system of N equations
(, _ A(r) B(f)) X1 d,(,r)
o d\) eRrN

d (i) = n (K(e™)) + () = (A () = (B X))



QIP spline Kulkarni’s type method:

solution construction — Nonlinear case

Approximate solution

ok = i) = Zxr(f+1)(/)31



QIP spline collocation method

Integral equation

@ K is approximated by K$ = m,Knp,
@ fis approximated by w,f

4

Approximate equation

902 - WnKWn(SDf;) = mnf



QIP spline collocation method:

convergence

As expected from classical literature, we have
e — @llee = O(H?),

with 5 = min{a,d + 1}.



QIP spline collocation method:

convergence

As expected from classical literature, we have
e — @llee = O(H?),
with 5 = min{a,d + 1}.
If the kernel of K is sufficiently smooth, thatis o > d + 1

4

o = @lloe = O(A*T)



QIP spline collocation method:
solution construction — Linear case

Approximate solution

N
j=1

we have to solve the following linear system of N equations
(/ - Cn)Xn = Wn

® Cn c RNXN
Cn(i,j) = \i (KB))

@ w, RN



QIP spline collocation method:

solution construction — Nonlinear case

Define
Fa(y) =y — maK(y) — maf, y € ST (1, Tn)

4

we solve Fn(¢§) = 0 iteratively by Newton-Kantorovich method



QIP spline collocation method:

solution construction — Nonlinear case

Define
Fa(y) =y — maK(y) — maf, y € ST (1, Tn)
I

we solve Fn(¢§) = 0 iteratively by Newton-Kantorovich method

Given an initial approximation <p§, ), the iterates <p( )
r=20,1,2,...,are

Pt WnK'(soSP) U+ — i (K(0) + ) — K (050,

with K’ the Fréchet derivative of K.



QIP spline collocation method:

solution construction — Nonlinear case

Setting
@n _ Zx,gr)(j X x\) e RN
we have to solve the foIIowmg linear system of N equations
(1= = wy
o C\) e RNxN
C(i.1) = N (K'(#5)B))
o w{) eRN

Wi (i) = A (K(e5)) + M) = (€Fx)i)



QIP spline collocation method:

solution construction — Nonlinear case

Approximate solution

. r+1 anr—m _’ (r) c RN



Numerical tests

@ We consider the QIP Qq, of degree d = 2,3 proposed in

[Dagnino-Remogna-Sablonniére 2014]

n+2
QgX = Z )\,‘(X)B,‘, with
i=1
A(X) = Xo, A2(X) = 2x1 — 3 (X0 + X2),
Ni(X) = %Xoie — Zxoi5 + P Xoi_3 — Zxpiq + 15X, 3P < 1,

Ant1(X) = 2Xon_1 — 3(Xon—2 + Xon), Ant2(X) = Xop.



Numerical tests

)\,’(X)

n+3
Q3X = Z)\,‘(X)B,', with
i=1

)\1(X) = Xo,
5 20 4 4 1
)\2(X) =—3X0+ 3 X1 —3Xe+ 5X3 — 15 X4,
1 19 19 1 1
A3(X) = gXo — X1 + g Xo — 51 X4 + 3X5 — 55 X6,

1 4 19 9 19 4 1
= —3gX2i—8 T {5X2i—7 — 39 X2i—6 T 5X2i—4 — zgX2i-2 T {5X2i—1 — 3gX2is
4<i<n,

1 19 19 1 1
Ani1(X) = gXen — Xen—1 + g Xen—2 — 54 Xen—a + 3Xen—5 — 2z Xen—6;
5 20

4 4 1
Ant2(X) = —g5Xen + G Xen—1 — 5Xen—2 + gXen—3 — 1gXen—4,

>\n+3(X) = Xon.



Numerical tests

@ () is superconvergent on the set of quasi-interpolation
nodes {&}2",.
If |[x*)|| is bounded, then

|Qox(&) — x(&)] = O(hY), 0<i<2n.

@ The integrals appearing in the linear systems are
evaluated numerically by using a classical composite
Gauss-Legendre quadrature formula with high accuracy



Numerical tests

@ For increasing values of n, we compute:

i) the maximum absolute error on a set G of 1500 equally
spaced points in [0, 1]

El =max|o(v) — gh(V). n=ck
veG
O : corresponding numerical convergence order

i) the maximum absolute error at the quasi-interpolation
nodes

ES" = O’I‘,EX (&) —on(&)l, n=ck

O*: corresponding numerical convergence order



Test 1 — Linear integral equation

o(s) — /1 eSlo(t)dt = e S cos(s),
0

with ¢(s) = e Scos(s), s € [0,1].

n [ EX = o T ES o, | Es 0°
Methods based on Q,

4 1.08(-09) 1.62(-10) 2.66(-04) 1.28(-04)

8 6.32(-12) 7.4 | 4.49(-13) 85 | 3.08(-05) 3.1 6.51(-06) 4.3

16 4.11(-14) 73 | 2.22(-15) 7.7 | 3.89(-06) 3.0 | 487(07) 37

32 - - - 4.89(-07) 3.0 | 3.29(-08) 3.9

64 - 6.07(-08) 30 | 2.13(-09) 3.9

128 - - 7.59(-09) 3.0 1.35(-10) 4.0
Methods based on Q3

4 1.58(-11) 3.27(-05)

8 3.30(-14) 9.0 2.25(-06) 3.9

16 - 1.47(-07) 3.9

32 9.37(-09) 4.0

64 5.92(-10) 4.0

128 3.68(-11) 4.0




Test 2 — Nonlinear integral equation of Hammerstein

type

gD(S)—/1 cos(117s) sin(11xt)p?(t)dt = <1 - 32) cos(117s),
0 ™

with p(s) = cos(11xs), s € [0,1].

n [ EX of | ESF oF T ES, ot | Es° o°
Methods based on Q,
40 1.08(-06) 6.97(-07) 7.74(-03) 4.98(-03)
80 4.08(-09) 8.1 2.26(-09) 82 | 6.77(-04) 35 | 3.76(-04) 3.7
160 2.13(-11) 76 6.31(-12) 8.5 8.17(-05) 3.0 2.43(-05) 4.0
320 1.42(-13) 7.2 | 2.14(-14) 82 | 1.01(-05) 3.0 1.53(-06) 4.0
640 - - - - 1.26(-06) 3.0 9.57(-08) 4.0

Methods based on Q3

40 2.38(-08) 1.53(-03)

80 9.40(-11) 8 9.27(-05) 4.0

160 1.12(-13) 9.7 5.58(-06) 41
(-07)
(-08)

320 - - 3.43(- 4.0
640 - - 1.34(- 4.7




Test 2 — Nonlinear integral equation of Uryshon type

]
@(3)—/0 Sthdi(p(t):f(S), s €[0,1],

1 . .
f chosen so that ¢(s) = Py ¢ > 0, is a solution.

c=1
n [ EX of | ESF o T Eg o5, | Es° 0°
Methods based on Q,
4 8.48(-08) 5.06(-08) 6.85(-04) 3.84(-04)
8 7.84(-10) 6.8 3.50(-10) 7.2 | 9.54(-05) 2.8 3.84(-05) 3.3
16 5.08(-12) 7.3 1.47(-12) 7.9 | 1.21(-05) 3.0 | 3.10(-06) 3.6
32 3.08(-14) 7.4 5.55(-15) 8.0 | 1.50(-06) 3.0 2.21(-07) 3.8
64 - - - - 1.85(-07) 3.0 1.48(-08) 3.0
Methods based on Qs
4 1.58(-09) 9.02(-05)
8 3.30(-12) 8.9 7.77(-06) 35
16 6.55(-15) 9.0 6.84(-07) 3.5
32 - - 5.00(-08) 3.8
64 - - 3.36(-09) 3.9




Test 2 — Nonlinear integral equation of Uryshon type

]
@(3)—/0 Sthdi(p(t):f(S), s €[0,1],

1 . .
f chosen so that ¢(s) = Py ¢ > 0, is a solution.

c=01
n [ EX = ofF [ ES, o, | Es o°
Methods based on Q,
4 4.50(-07) 1.13(-07) 6.80(-01) 5.51(-01)
8 3.87(-10) 10.2 | 251(-10) 8.8 | 2.67(-01) 13 | 2.10(-01) 1.4
16 1.00(-11) 5.3 1.01(-12) 8.0 | 7.04(-02) 1.9 | 5.12(-02) 2.0
32 1.21(-13) 6.4 1.07(-14) 6.7 | 1.29(-02) 24 | 7.99(-03) 27
64 - - - 1.86(-03) 28 | 8.65(-04) 3.2
Methods based on Qg
4 1.97(-08) 4.17(-01)
8 1.16(-11) 10.7 1.03(-01) 2.0
16 1.29(-13) 6.5 1.70(-02) 2.6
32 - - 1.96(-03) 3.1
64 1.75(-04) 35




Work in progress

@ Not sufficiently smooth kernels



Work in progress

@ Not sufficiently smooth kernels



Work in progress

@ Not sufficiently smooth kernels

@ Spline quasi-interpolating operators that are not projectors
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